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THE CANONICAL FORM OF INVOLUTARY FUZZY
MATRICES

CHaNG IL KiM* AND SE WON PARK**

ABSTRACT. We study special types of matrices. The involutary
fuzzy matrices are important in various applications and have many
interesting properties. Using the graphical method, we have the
zero patterns of involutary fuzzy matrix, that is, involutary Boolean
matrices. And we give the construction of all involutary fuzzy ma-
trices for some dimensions and suggest the canonical form of invo-
lutary fuzzy matrix.

1. Introduction

The theory of a fuzzy matrix is very useful in the discussion of fuzzy
relations. We can represent basic propositions of the theory of fuzzy
relations in terms of matrix operations. Futhermore we can deal with
the fuzzy relations in the matrix form. In the study of the theory of
a fuzzy matrix, a canonical form of some fuzzy matrices has received
increasing attention in [5]. For example, Kim and Roush [1,2] studies
the canonical form of some special matrix in 1980 and 1981. Hashimoto
[3] studied the canonical form of a transitive matrix in 1983. And Fuzhen
Zhang [6] introduce the result that is:

A square matriz A is said to be involutary if A> = I where I is
identity. Let A be an n X n complex matrixz. Then A is involutary if and
if A similar to a diagonal matrixz of the form diag(1,---,1,—1,--- ,—1).

The above result give the canonical form of involutary matrices that
have simple structures under similarity. Clearly, the study of this kind
of canonical forms is important to develop the theory of a fuzzy matrix.

We define some operations for fuzzy matrices whose elements are in
the unit interval [0, 1]. First for z,y € [0,1] we define x Vy, and z Ay
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as follows:
x Vy=max(z,y)

x Ay =min(x,y).

Next we define the following matrix operations for n x n fuzzy matrices
R = [Tij] and S = [Sij]Z

"RV S = [rij V sijl;
“RAS = [rij A sijl;
"R xS =[(1i1 Asiy) V(ria As2j) VeV (Tin A snj)ls
-RT =[rji] (the transpose of R);
-R<S ifandonlyif 1 <s;; forall i,j.
We define some special kinds of fuzzy matrices where I is an identity
and O is a zero matrix. A fuzzy matrix R is said to be:
-idempotent if R? = R;
-nilpotent if R? = 0;
-involutary if R? =1

Accordingly, any nilpotent fuzzy matrix and idempotent fuzzy matrix
except identity is not involution.

2. The properties of involutary fuzzy matrices

First we examine some basic properties of involutary fuzzy matrices.
They are useful in the following discussion. We know that an 1 x 1 fuzzy
matrix whose entry is 1 is only involutary. Hence, in this paper, we deal
only with square fuzzy matrix that dimension n, n > 2. Let F7 be the
set of all involutary fuzzy matrices.

LEMMA 2.1. The set of all Involutary fuzzy matrices, Fy, is closed
under the following operations:

(i) permutation similarity; and
(ii) transposition

DEFINITION 2.2. Let A be a fuzzy matrix. For some nonzero entry a
of A, Z(a) = [z;] is defined by

1 if 0< Qij <a
Zii =
" 0 if otherwise.

Z(a) = [z] is called a zero pattern of A.
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ExamMpPLE 2.3. If a fuzzy matrix

03 08 1
A=108 0 03],
05 1 0

then all its zero patterns are

LEMMA 2.4. [1] A fuzzy matrix is idempotent if and only if all its
zero patterns are idempotent.

LEMMA 2.5. [6] For a matrix A, (I + A) is idempotent if and only
if A is an involution.

By the above Lemma 2.4, 2.5, we examine the properties of (0,1)-
fuzzy matrices and obtain a theorem and canonical form of the (0,1)-
fuzzy matrices. Thus we will be able to characterize the structure of the
set of all involutary fuzzy matrices, F7. Let By be the set of all involu-
tary (0,1)-fuzzy matrices. In fact, By is the set of Boolean involutary
matrices. In this paper, the set of numbers {1,2,3,---n — 1,n} will be
denoted by N.

3. The involutary (0, 1)-fuzzy matrices

To simplify notation, in the remainder of this paper we let the index
set {1,2,--- ,n} be represented by N. A matrix A of order n > 2 is said
to be reducible if there exists a permutation matrix P such that

B C
O D
where B and D are square matrices of order at least one. Otherwise A
is called irreducible.

PAPT:[

LEMMA 3.1. Let A = [a;j] be an n x n (2 < n) reducible involutary
fuzzy matrix. If for some permutation matrix P,
B C}

T _
PAP _[O D



618 Chang Il Kim and Se Won Park

where B is irreducible with maximal k x k dimension, then the matrix
block C' is zero.

Proof. Suppose that the matrix block C of A is not zero. Let the
entry ajx4+1 of A be non-zero. Then the product block matrices C x D is
zero because A is in By. Therefore the entries ajy14 are all zero where
q is from k£ +1 to n. It is an immediate consequence of the fuzzy matrix
product that the k 4 1’s row of A is zero. It is impossible. O

In the special quality of permutation matrix, each n x n (2 < n)
permutation fuzzy matrix P = [p;;] has the transpose matrix as the
inverse matrix, That is PPT = I.

LEMMA 3.2. If an n X n permutation fuzzy matrix P is symmetric,
then P is involution.

Proof. Let P be a symmetric fuzzy matrix. Then PT = P and P? =
PP = PPT = . Tt is an immediate consequence of the fuzzy matrix
product. O

LEMMA 3.3. If A = [a;j] is an n X n matrix in By and a;; = 0, then
for each i, A has nonzero pair a;;, and ay; where k € N.

Proof. Let A? = [a;j] = I and a;; = 0. Since a; Aaj; = 0 and
al; =1 = \/}_;(aix A ar;), there exists nonzero pair a;, and ay; where
k € N. It is an immediate consequence of the fuzzy matrix product. [J

LEMMA 34. If A = [a;;] is an n x n involutary (0, 1)-fuzzy matrix
and a;; = 1, then for all k, k # i, a;;, and ay; are all zero.

Proof. Suppose that a;, = 1 for some k, k # i and A% = [a;;]. Then
al, =1 =\}_;(aix A agr) by the nonzero term aj; A a. It is an imme-
diate consequence of the fuzzy matrix product. O

LEMMA 3.5. If A = [a;5] is a (0, 1)-fuzzy matrix and for two distinct
D, q, Gip = a;jq = 1, then the fuzzy matrix A is not involution.

Proof. Suppose that a;, = a;q = 1 and A € B;. Then by Lemma
3.3, 3.4, ap; = agi = 1 of A and a;; = 0. Now we consider the entry
ap, of A* = [aj;]. Then aj,, =1 = \/j_ (ayk A arq) by the nonzero term
api N a;q. Because that a;)q =1, Ais not in Bj. O

LEMMA 3.6. If A = [a;j] is an n x n involutary (0, 1)-fuzzy matrix
and a;; = 1, then the entry a;; of A is nonzero.
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Proof. Suppose that a;; = 1 and a; = 0. Let A? = [a;]. Then
al; = 1 = \/{_,(ai A ag;) by the nonzero term a;; A aj;. Therefore,
aj; = 1 by Lemma 3.5 . O

LEMMA 3.7. If A = [a;5] is an n x n (0, 1)-fuzzy matrix and its graph
has a simple cycle with length k > 3, then the fuzzy matrix A is not
involution.

Proof. Without loss of generality, suppose that a1o = as3 = az1 =1
and A € By. Then by Lemma 3.5, as; = ags = asz = 1 of A and by the
Lemma 3.6 a}, = ah = 1 of A? = [aj;]. Therefore A is not in Br. [

We obtain the following theorem by the above Lemmas.

THEOREM 3.8. If A = [a;;] is an n x n involution (0, 1)-fuzzy matrix
and irreducible, then its graph has only loops and simple 2-cycles.

THEOREM 3.9. A fuzzy matrix A = [a;;] is in Fy if and only if A =
[aij] is in B[.

Proof. Without loss of generality, Let A be in F7 and contains nonzero
entry a; or a;; except 1. It is an immediate consequence of the fuzzy
matrix product. ]

Let A an n x n matrix be given. Then either A is irreducible or there
exists a permutation matrix P such that

Ay *
PTAP = ,
0 Ap
in which A; is either irreducible or is 1 x 1 zero matrix, i = 1,--- , k.

This is called the Frobenious normal form of A. If A is a reducible
involution fuzzy matrix in Frobenious normal form, then it is clear that
each irreducible diagonal block of A is involution fuzzy matrix. In the
remainder of this paper, we use the results of above section, and assume
that each nonzero irreducible diagonal block A;; of A is J; = [1] or

0 1
1 0|
Further, in terms of block multiplication where P = A2,
Pij = AiAij + Aiir1 Aivaj + -+ A Aj; = Agj.

The key question here is: What are the possible zero patterns of the off-
diagonal blocks A;j so that the above equation is satisfied? By the Lemma
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3.1, we have the answer for the above key question. Since a reducible
involution fuzzy matrix is only zero off-diagonal block, we obtain the
following:

THEOREM 3.10. An n x n involutary fuzzy matrix A = [a;;] is re-
ducible if and only if A is a direct sum of two matrices J, = [1] or

il

Proof. Without loss of generality, if an n x n (0,1)—fuzzy matrix
A = [a;;] has a 3—cycle in its graph of A, then for some permutation
fuzzy matrix P

0 1 00 0 0 0 0 0 0]
0010 0 00 0 00O
1000 O OO0 O OO
0001 0 00 0 00
r 10000 - 00 0 00O
PAP™ = 0000 O O0O1 0 00O
0000 O 1O 0 00O
0000 O OO - 00
0000 O 0O O 01
o 000 0o 00 0 1 0
The irreducible submatrix
010
PAPT[1,2,3/1,2,3]= [0 0 1
1 00
is not involution. Therefore A is not involutary fuzzy matrix. O

ExAMPLE 3.11. Let A is a reducible involution fuzzy matrix. Then
for some permutation matrix P

1 0 0 0 0 0 0 0]

0O~ 000 O 00O

0 0 100 0 OO

r (0 0 001 0 0O
PAP" = 0 0 010 0 0O
0 0 000 - 00

0 0 000 0 01

0 0 00 0 0 1 0J
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4. The canonical rorm of involutary (0, 1)-fuzzy matrices

In this section, using the condition and properties in the above sec-
tions we give all involution fuzzy matrix from n = 2 to n = 5 by a special
program that construct involution fuzzy zero patterns That is, an n x n
(0,1)-fuzzy matrix as n2-binary digit form.

REMARK 4.1.  There exists many zero patterns that is involutary
fuzzy matrix for dimension n, we give the zero patterns that is the form
A(p) where p means the number of binary digit in the dimension n.

[Case, n = 2] There exist 2’s involutary fuzzy matrices as follows;

w2 a3

[Case, n = 3] There exist 4’s involutary fuzzy matrices as follows;

0 01 1 00 010
A(84)= [0 1 0| A161)=|0 0 1| A266)= 1|1 0 0
1 00 010 0 01
1 00
A@273)=10 1 0
0 01
[Case, n = 4] There exist 10’s involutary fuzzy matirces as follows;
0 0 01 00 01 0 010
0 010 01 00 0 0 01
AA680) = [0 | o ol AG160 =1 o | olAEsO=1]] 5 4 o
1 0 0 O 1 0 0 O 01 00
10 0 0 01 00 10 0 0
0 0 01 1 0 00 0 1 0 O
AO345) = [ 0y ol A0 = | o (1 AG8465) = |0 o o
01 0 0 00 10 0 010
0 010 1 0 0 O 01 0
01 0 0 0 010 1 00
AB3060) = || o o ol AB33) = | | o ol ABsI)= |, o |
0 0 01 0 0 01 0 00
1.0 0 0
01 0 0
AB3825) = [0 0 1 o
0 0 01
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[Case, n = 5] There exist 26’s involutary fuzzy matrices as follows;

oo Hoococo ocrocooc ocrococo coroco coroco oo ~o
COoOHOO0 OO0 OO0OHO0OO OO OHOO0OO O0O0HO OO0
CoOOoOHO OO0 HOO OO HO OO0OHOO OO0 OCOO0COH OO
OO0 0 OHOOO O00CO-H OO0 OO0 HO OHOOO OO A
OO0 0O0H 0000 H —HOO0O0O, HO000O0 HOO0O0O, 0000 HOOOO

I I I Il 1 I Il

—~ —~~ —~ —~ —~ —~ —~

(=) © > o — = o

X > & S o0 S =

) 0 & > < 0 S

= F DB & NS N Y

0 — e S ~ i~ =

= ™ & e N < >

— — & &~ < <t 0

S~— S~— SN— S~— S~— SN— S~—

< < < < < < <
T ocococo mocococoo' ocrococo ocrnocoo corocoo coroco! oo ~o
OO0 OO0 HOOOO OO HOOOO OOoOO0OHO OO0
CO+O0OO0 OHOO0CO OO0 HOOOO OO0O0O0OH OO0 H HOOOO
CoOO0OHO OO0 O0O0COHA OO0 OHOOO HOOOO OHOOO
OO0 O0H OO00O0H O0O0—HO, OCO—HO0O 000 —HD, O—HOO0OD OO OO

1 I I Il 1 I Il

—~ —~ —~ —~ —~ —~ —~

= ~ © © () © ®©

0 — o ™ N > 0

< > e &0 Y o) S

o0 X <F S e &N &

— — ™ Nej <t r~ —

— ™ — e =~ < o

— — ~ &~ < <t 0

S~— S~— N— S~— S~— SN— S~—

< < < < < < <
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01000 1 0000
1 0000 01000
A(8917026) = [0 0 1 0 O A(8917057)= |0 0 1 0 0
00001 00001
00010 00010
[0 0 0 1 0] 0 0 0 1 0]
00100 01000
A(16812168) = [0 1 0 0 0| A(16814152)= |0 0 1 0 0
10000 1 0000
00001 00 0 0 1}
[0 0 1 0 0] 1 0 0 0 O]
00010 00010
A(16844036) = |1 0 0 0 0| A(16847105)= |0 0 1 0 0
01000 1 0000
000 0 1 00 0 0 1}
[0 1 0 0 0] 1 0 0 0 O]
1 0000 01000
A(16916514) = [0 0 0 1 0| A(16916545)= |0 0 0 1 0
00100 00100
000 0 1 00 0 0 1}
[0 0 1 0 0] [1 0 0 0 0]
01000 00100
A(17040452) = [1 0 0 0 0| A(17041537)= |0 1 0 0 0
00010 00010
0 0 0 0 1) 00 0 0 1)
(0 1 0 0 O] [1 0 0 0 0]
1 0000 01000
A(17043490) = [0 0 1 0 0| A(17043521)= {0 0 1 0 O
00010 00010
00001 0000 1]
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